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Chapter 2
Boolean Algebra and Logic Gates

wyAtdQuuuya nouamuunniunmans (George Boole)
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Binary Logic

Table 1.8
Truth Tables of Logical Operations
AND OR NOT

X y|x-y X y | x+y x | x’
O 0 O 0 0 0 0] 1
0 1 0 0 1 1 1 {0
1 0] 0O 10 1
11 | 11 I

{3 O unu False ua=ts 1 unu TRUE
Binary operator: 13 e unu AND ua:tg + unu OR
Unary operator: 13 * unu NOT
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FIGURE 1.3
Signal levels for binary logic values



Y — y

(a) Two-input AND gate (b) Two-input OR gate (c) NOT gate or inverter
FIGURE 14
Symbols for digital logic circuits




Timing Diagram

LAUUDUADLOAN
y
AND:x -y
OR:x +y
NOT: x’
FIGURE 1.5

Input—output signals for gates




jg:;\F:ABC gi_\G:A+B+C+D
C — / C
D
(a) Three-input AND gate (b) Four-input OR gate
FIGURE 1.6

Gates with multiple inputs



Distributive Law
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Table 2.1
Postulates and Theorems of Boolean Algebra

Postulate 2 (a) x +0=x (b) x-1 =x

Postulate 5 (a) x +x' =1 (b) x-x'"=0

Theorem 1 (a) X +x =x (b) XX =X

Theorem 2 (a) x +1=1 (b) x+0=20

Theorem 3, involution (x")' =x

Postulate 3, commutative  (a) X +y=y+ux (b) Xy = yx

Theorem 4, associative (a) x+(y+z)=(x +y) +z2 (b) x(yz) = (xy)z  x doolusso Héo
yz Gootludsorivg

Postulate 4, distributive (a) x(y +2z)=xy +xz (by x+yz=(x+y(x +2)

Theorem 5, DeMorgan (a) (x +y) =x'y’ (b) (xy) ' =x"+y’

Theorem 6, absorption (a) X +xy=ux (b) x(x +y)=x

dowal (postulate) - UpA>WLTDVAUNYDUSUNUDIIDSVIQSTLADVWZOU



Boolean Functions

Table 2.2
Truth Tables for F; and F,

F1:.7C‘|‘y’Z

X
FZ — xryrz 4 xryz 4+ xyr

0
0
0
0
1
1
1
|

y

0
0
1
|
0
0
1
|

Z

0
1
0
|
0
1
0
1

F;

0
1
0
0
|
1
1
1

N

= e e e = =




F1:X‘|‘y’Z

v




F2 — xryrz 14 xryz 4 xyr
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F=xyz+xyz+xy' =xz(y’ +y) +xy’ = x'z +xy

—

>
|/

o
>

U U

(b) F, =xy" +x'z



Simplify the following Boolean functions to a minimum number of literals.

L x(x" +y)=xx"+xy =0+ xy = xy.
2. x +x'y=x+x)x+y)=1x+y)=x +y.
3. x+y)x+y)=x+xy+xy' +yy =x(1 +y+y')=nx
4. xy +x'z +yz =xy + x'z + yz(x + x')
=xy +x'z + xyz + x'yz
= xy(1 + z) + x'z(1 + y)
= xy + x'z.
5. x+y)x" + 2)(y + 2) = (x + y)(x' + z), by duality from function 4.

L

WgoUgulv3 NG duality 91nda 4 (Wasu x 10U + ua:zwasu + Wu x) udldmasugndov
td not NVA@OVUVUDVUD 4 UAdIE DeMorgan Law

Wasu x, y, z WU x', y', 2 wa:wWasu x', y', ' 10U x, vy, z

(CPuUs x, y, z Wdd 4 ua: 5 Wuaua:=cuUsiu)

X iU X' LAUDNINCADVDIAIOSVTIUAU 9:daU x AU X’ nla



Complement of a function

(A+B+C) =(A+ x) letB + C =x
= A'x’ by theorem 5(a) (DeMorgan)
= A'(B + C)’ substitute B + C = x
= A'(B'C") by theorem 5(a) (DeMorgan)
= A'B'C’ by theorem 4(b) (associative)

(A+B+C+D+ - +F)' =ABCD'... F
(ABCD...F)) =A'"+B +C' +D' + -+ + F



EXAMPLE 2.2

Find the complement of the functions F; = x'yz" + x'y'zand F;, = x(y'z" + yz). By
applying DeMorgan’'s theorems as many times as necessary, the complements are
obtained as follows:

Fl=@'yz" +x'y'z2) = (x'yz")'(x'y'2) = (x +y + 2)(x +y + 2)
=[xz +y)] =x"+ 07 +y2) =x"+ 7))
=x' +(+0 +2')
=x"+yz' +y'z
O

A simpler procedure for deriving the complement of a function is to take the dual of
the function and complement each literal. This method follows from the generalized
forms of DeMorgan’s theorems. Remember that the dual of a function 1s obtained from
the interchange of AND and OR operators and 1's and O’s.



EXAMPLE 2.3

Find the complement of the functions F; and F, of Example 2.2 by taking their duals
and complementing each literal.

Wasu AND 0u OR
1. F,=x'yz' +x'y'z. Wagu OR Wu AND
The dualof Fiis(x" +y + z")(x" + y' + 2).
Complement each literal: (x + y" + z)(x +y + 2") = F|.
2. F5=x(y'z" + y2).
The dual of Fris x + (y" + ") (v + 2).
Complement each literal: x" + (y + 2)(v' + ") = F,.

{3 DeMorgan nlawadawstKiouniu ]



Minterms and Maxterms

Table 2.3
Minterms and Maxterms for Three Binary Variables
Minterms Maxterms

X y z Term Designation Term Designation
0 0 0 x'y'z’ 1 X +y+z M,
0 0 1 x'y'z 11y x+y+ 7 M,
0 1 0 x'yz’ 1y x+y +z M,
0 1 1 x'yz 115 x+y + 7 M5
1 0 0 xy'z’ n x'"+y+z M,
1 0 1 xy'z 15 x'"+y+ 7 Ms
1 1 0 xyz' Mg x'"+y +z Mg
1 1 1 Xyz 1 x"+y + 7 M-

m: = Mj-




Sum of Minterms

Table 2.4

Functions of Three Variables
b's y z Function f, Function f,
0 0 0 0 0
0 0 1 1 0
0 1 0 0 0
0 1 1 0 1
1 0 0 1 0
1 0 1 0 1
1 1 0 0 1
1 1 1 1 1

fi=x'y'z+xy'z +xyz =m +my+ my

fh =x'yz + xy'z +xyz' + xyz = my + ms + mg + my



Product of Maxterms

Table 2.4

Functions of Three Variables
X y z Function f, Function f,
0 0 0 0 0
0 0 1 1 0
0 1 0 0 0
0 1 1 0 1
1 0 0 1 0
1 0 1 0 1
1 1 0 0 1
1 1 1 1 1

K1 complement fiou QoIngovtdu O tu Truth Table
[

fil=x"y'z" +x'yz' + x'yz + xy'z + xyz’
‘mﬂM3=(x+y’+z’)

=@+ y+2)x+y +2)x" +y+2)x" +y +2)
= My+M>+ M5+ Ms+ M,

Lh=k+y+2)x+y+z2)x+y +2)x" +y+ 2)
— MUM1M2M4



Boolean functions tatatggutdu sum of minterms 1A

F=A+ B'C

Table 2.5

Truth Table for F = A + B'C
A B C F
0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 0
1 0 0 1
1 0 1 1
1 1 0 1
1 1 1 1

F=AB'C+ AB'C'+ AB'C + ABC'" + ABC
=m1—|—m4—|—m5—|—m6—l—m7

F(A,B,C) = 3(1,4,5,6,7)



Boolean functions tatatdgutdu product of maxterms 1Q

EXAMPLE 2.5

Express the Boolean function /~ = xy + x'z as a product of maxterms. First, convert
the function into OR terms by using the distributive law:

F=xy+x'z=(xy+x")xy+2)
= x+x)y+x)x+ )+ 2)
= (" +y)x+ )y +2)

The function has three variables: x, vy, and z. Each OR term is missing one variable;
therefore,

x'ty=x"+y+zz'=x"+y+2)x +y+27')
X+z=x+z+yw =x+y+2)x+y +2)
y+z=y+z+x'=x+y+2)x"+y+2)

Combining all the terms and removing those which appear more than once, we finally
obtain

F=Cx+y+2x+y + 20" +y+ 2" +y+27")

= MMM M5 F(x, y, Z) — H(O, 2, 4, 5)




Sum of minterms
and
product of maxterms
are canomcal forms.”

uuuuuuuuuuuuuuuu Jeyeda (Amaun)

Boolean functions tataawisaldgutiogtusUuoo sum of minterms HSD product of maxterms 1a



Conversion between Canonical Forms

The complement of a function expressed as the sum of minterms equals the sum of min-
terms missing from the original function. This is because the original function is expressed
by those minterms which make the function equal to 1, whereas its complementis a 1 for
those minterms for which the function is a 0. As an example, consider the function

F(A,B,C) = 2(1,4,5,6,7)
This function has a complement that can be expressed as
F'(A,B,C) = 2(0,2,3) = my + m, + mj

Now, if we take the complement of /' by DeMorgan’s theorem, we obtain F in a differ-
ent form:

F=my+ m, + my) = mi-mh-my = M,;M,M; = TI(0, 2, 3)

The last conversion follows from the definition of minterms and maxterms as shown in
Table 2.3. From the table, it is clear that the following relation holds:

P
mJ,—MJ,

That 1s, the maxterm with subscript j is a complement of the minterm with the same
subscript j and vice versa.



Table 2.6
Truth Table for F = xy + x'z

X y Z F

0 0 0 0 Minterms F(x? y_} Z) — 2(15 3? 6} 7)
0 0 1 1

0 | 0 0 Inverse 2 ai

0 | 1 1 ~@enF=0uwuF=1

1 0 0 0 - 14 De Morgan Law

| 0 1 0

1 | 0 1 Maxterms F(x.; y& Z) — H(Oj 2!} 4_} 5)
1 1 1 1




Standard Forms
Fr=y +xy+ x'yz’
F=x(y'+z2)(x" +y+2')

tuuda: term lwaovluguuUsnoKUQ

Fy = AB + C(D + E)

Non-standard form



Two-level implementation is less delayed.

S a= D
1

(a) Sum of Products Non-canonical form!

FIGURE 2.3
Two-level implementation

A— )

B— |

C Fy

D

E

(a)AB + C(D + E) Three-level |
implementation

FIGURE 2.4

Three- and two-level implementation

o 0 =

=D

(b) Product of Sums Non-canonical form!

#ay e

>7
)=
>7

Two-level

(byAB + CD + CE | .
implementation



Logic Operations

Table 2.7

Truth Tables for the 16 Functions of Two Binary Variables
x y | Fo F F; F5 k4 Fs Fs F; Fg Fo Fio Fi1 Fi2 Fi3 Fiy Fys
0 0 0O 0 0 0 0 O 0 0 1 1 1 1 1 1 1 1
0 1 0O 0 0 0 1 1 1 1 0O 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 | 1 0 0 1 1 0 0 1 1
1 1 0 | 0 1 0 1 0 1 0 1 0 1 0 1 0 1




Table 2.8
Boolean Expressions for the 16 Functions of Two Variables

Operator
Boolean Functions Symbol Name Comments
Fp =20 Null Binary constant 0
F, = x) X*y AND xand y
Fr, = xy' x/y Inhibition X, but not y
Fy = x Transfer X
Fy =x'"y V/X Inhibition y, but not x
Fs =y Transfer y
Fg = xy" + x' X@®y Exclusive-OR x or y, but not both
F,=x+y X +y OR xXory
Fg = (x +y)’ x|y NOR Not-OR



Equivalence
Complement
Implication

Complement

Implication
NAND

Identity

X equals y

Not y

If y, then x
Not x

If x, then y
Not-AND

Binary constant 1




Transistors

Source Source

Gate —CI Gate —|

Drain Drain

() P-channel MOSFET (%) N-channel MOSFET



L

gﬁJ‘ﬁ 3.3 LN not, nand WAL nor NAANLUUMENALULAE CMOS
(Gaannelaneuaau)

tumswaalulasiwstsalsasiagundatdinatuladgnisoonuuuitdoni complementary metal-oxide—semiconductor HSE) CMOS
KHannsoonlWlUUAD P- channel MOSFET 1 cDo: nnu N- channel MOSFET 1 éP1aua uatuysu=Ad1IaddKUY on 3nGIKUVI:GDY
off d:AUIWIAWI=EIvATNSWAasULUavs:K31v on ua: off lmuu NtH CMOS Aulwupguln uazluinanNusSauuInun



Digital Logic Gates

Graphic Algebraic Truth

Name symbol function table
x y| F
A v 0 0] 0
AND y )7,’: F=x-) 0o 1! o
1 0 0
1 1) 1
x y| F
OR A _ 0 0| 0
y :)7"? Foxy 0 0| ¢
1 0 1
1 1

x| F
Inverter I—Doij? F=x'

fan-in

Q

NOY=NvIUlaBIav



Buffer X b F F=x
x y| F
! 0 0 1

F F= ’
NAND v f (xy) 0 1| 1
1 0 1
1 1] 0
x y| F
* _ ' 0 0} 1
F=(x+
NOR v :D:—F (x +) o 1| o
1 0] 0
1 1] 0
x y| F
Exclusive-OR  x F=xy" +x'y 0 0] 0
(XOR) y Fo—xey 0 1| 1
1 0] 1
1 1] 0
x y| F
Exclusive-NOR \ F=xy+x'y o ol 1
o — o =aeyy 0 1] 0
equivalence ¥

1 0] 0
1 1] 1

tsLaAGQUayWIna a
ILSVAUI=ON Aovls buffer ¥oy



Universality

“Only NAND gates are needed
to build all other gates.”

Exercise
- 4519 Inverter ann NAND

- 459 AND aan NAND
- 459 OR aan NAND
- 459 NOR aan NAND
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Transistors




April 25, 1961 R. N. NOYCE 2,981,877
End 1978 SEMIcoNDUCTOR DEVICE-AND-LEAD STRUCTURE
Filed July 30, 1959 3 Sheets-Shest 2

w OW/DE INSULRTION ~

F:@- 3

RObert Noyce 2 /,/ /44’, 5 P i 27;! o 1! 2 , p23 19
(the Founder of Intel) “‘aﬂ, v@’v“"""a%;"-“-”‘r

) )
WuAQAU integrated circuit (IC) ludovwaa transistor / / /// //// a
(Hud> a uasuuus: naunAulludvos udidoy transistor / ((\/\m\// 7z // Sz
t0udvIstuduadPUNMISWALAY -2 &£

ansuassounu Jack Kilby (Texas Instrument)



From Sand to Silicon: the
Making of a Chip | Intel

Intel
@ 399,659 A%

https://www.youtube.com/watch?v=Q5paWn7bFg4
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Level of Integration

* Small-scale integration (SSI)

* Medium-scale integration (MSI)

* Large-scale integration (LSI)

* Very-large scale integration (VLSI)

Name ¢ Signification ¢ Year ¢ Transistors number*’! ¢ Logic gates number®®! ¢
oS small-scale integration 1964 110 10 1to 12

MSI medium-scale integration 1968 10 to 500 13 to 99

LSI large-scale integration 1971 500 to 20,000 100 to 9,999

VLSI very large-scale integration @ 1980 20,000 to 1,000,000 10,000 to 99,999

ULSI ultra-large-scale integration 1984 1,000,000 and more 100,000 and more



Small-Scale Integration (SSI)
Medium-Scale Integration (MSI)

7400 Quad 2-input NAND Gates

Vcc 4B 4A 4Y 3B 3A 3Y

14| [13] [12] [11] [10] [9] [8

D




Large-Scale Integration (LSI)

Intel 4004



Very Large-Scale Integration (VLSI)




Ultra Large-Scale Integration

ltanium 2: First Billion Transistor Dua|"‘
Core Chip (go.n_'m.)”

-~
 Ame
POEL . 1R

-
o
&
\.i

Arbiter

1.72 Billion Transistors



transistors

10,000,000,000
Dual-Core Intel® [tanium® 2 Processor
1,000,000,000
MOORE'S LAW intel* Itanium* 2 Processar
Intel* Ranium® Processor
intel Pentium’ 4 Processor | / 100,000,000
Intel Pentium® B Prn-:u?{
Intel* Pentium* (I F"I'ﬂ[l.':iiﬂ-l" 10,000,000
Intel® Pentium® Proce :1-nr‘f”#
Intel486™ Processor "
= |.nnn.nuﬂ
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PROBLEMS

(Answers to problems marked with * appear at the end of the text.)

2.1 Demonstrate the validity of the following identities by means of truth tables:
(a) DeMorgan’s theorem for three variables: (x + v + z)' = x'y'z" and (xyz)' =
x'+y' +z
(b) The distributive law:x+yz =(x+y)(x +2)
(c) The distributive law: x(y +z) =xy +xz
(d) The associative law:x +(v+2z)=(x+y)+2z
(e) The associative law and x(yz) = (xy)z

2.2 Simplify the following Boolean expressions to a minimum number of literals:

(a)* xy+xy' (b)* (x +¥)(x +y')
(c)* xyz+x'y+xyz’ (d)* (A+ B) (A" + B")
(e) (a+b+c")a" b +c) (f) a'bc+abc" +abc+a'bc’
2.3 Simplify the following Boolean expressions to a minimum number of literals:
(a)* ABC + A'B + ABC’ (b)* x'yvz+xz
(c)* (x + y)' (x" +y) (d)* xy+x(wz+wz')
(e)* (BC" + A'D)(AB" + CD") (fy (a"+c")y(a+b"+c")
2.4 Reduce the following Boolean expressions to the indicated number of literals:
(a)* A'C" + ABC + A(C" to three literals
(b)y* (x'y'" +2)' +z +xy+ wz to three literals
(c)* A'B(D'" + C'D) + B(A + A'CD) to one literal
(d)* (A" + C)(A" + C")Y(A + B + C'D) to four literals

(e) ABC'D+A'BD+ABCD to two literals
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