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Chapter 1
Digital Systems and Binary Numbers




Binary Numbers

[TO0T0.11 15 26.75

| x 2 +1x22+0x22+1x2'+ox2"+1x21+1x2°

Hexadecimal Numbers (A=10,B=1.C=12D=13,E=14, F = 15)

(B65F);, = 11 X 16° + 6 X 167 + 5 X 16! + 15 x 16" = (46.687),,



augend:
addend:
sum:

101101 minuend:
+100111 subtrahend:

1010100  difference:

101101  multiplicand:
—100111  multiplier:

000110

partial product:
product:

1011
X 101

1011
0000
1011

110111



Table 1.1

Powers of Two

n

—
b

-] On n B LD [ =

2ﬂ

10
11
12
13
14
15

2“

256
512
1,024 (1K)
2,048
4,096 (4K)
8,192
16,384
32768

n

16
17
18
19
20
21
22
23

2“

65,536
131,072
262,144
524,288

1,048,576 (1M)

2097152

4,194,304

8,388,608

Note that 23° = 1073,741.824 (1G)



Number-base Conversions

Integer Remainder Coefticient

Quotient
41/2 = 20 + 1 ap = 1
20/2 = 10 + 0 ap =0
10/2 = 5 + 0 a, = ()
5/2 = 2 + 1 a; = |
2/2 = 1 + 0 a; =0
/2 = 0 + 1 as = |

Therefore, the answer is (41)9 = (asagazarajap); = (101001)s.



Number-base Conversions

LJguULUUgDA
Integer Remainder

41

20 1

10 0

S 0

2 1

l 0

0 | 101001 = answer
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EXAMPLE 1.2

Convert decimal 153 to octal. The required base r is 8. First, 153 1s divided by 8 to give
an integer quotient of 19 and a remainder of 1. Then 19 is divided by 8 to give an integer
quotient of 2 and a remainder of 3. Finally, 2 is divided by 8 to give a quotient of 0 and
a remainder of 2. This process can be conveniently manipulated as follows:

153
19
2

0

1
3
2 = (231)g

The conversion of a decimal fraction to binary is accomplished by a method similar
to that used for integers. However, multiplication is used instead of division, and integers
instead of remainders are accumulated. Again, the method is best explained by example.



JountdunAde

__exavreie 1.3 I

Convert (0.6875), to binary. First,0.6875 is multiplied by 2 to give an integer and a fraction.
Then the new fraction is multiplied by 2 to give a new integer and a new fraction. The process
is continued until the fraction becomes 0 or until the number of digits has sufficient
accuracy. The coefficients of the binary number are obtained from the integers as follows:

Wasuris 2 Wuasu 2 Integer Fraction Coefficient
0.6875 X 2 = 1 + 0.3750 a4 =1
0.3750 X 2 = 0 + 0.7500 a,=1>0
0.7500 X 2 = 1 + 0.5000 asz =1
0.5000 X 2 = 1 + 0.0000 aq4 =1

Therefore, the answer is (0.6875)19 = (0. a_y a3 a3 a_4); = (0.1011),.



Octal and Hexadecimal Numbers

Table 1.2
Numbers with Different Bases
Decimal Binary Octal Hexadecimal
(base 10) (base 2) (base 8) (base 16)

00 0000 00 ()
01 0001 01 1
02 0010 02 2 — -— —
03 0011 03 3 ZUH'\U']FlE)UWDlC'IE)SUEJUlUEJUlaUQ'IU 16
04 0100 04 4 lagLfiv x HSD Ox UKL
05 0101 05 5
06 0110 06 6 . B
07 0111 07 7 LU Ox2FB5 HUYgQV 2FBS16
08 1000 10 8
09 1001 11 9
10 1010 12 A
11 1011 13 B
12 1100 14 C
13 1101 15 D
14 1110 16 E
15 1111 17 F
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(10 110 001 101 OI1
2 6 l 5 3

udavgiu 8 wWugiu 2

(673.124)g = (110 111 OIl1
6 7 3

111
7

100 000 110), = (26153.7406)g

001
l

4

0

010
2

6

100),
,_1_



udavgiu 2 Wugu 16

10 1100 0110 1011 . 1111 0000 0110 = (2C6B.F06)(
2 C 6 B F 0 6

udavgiu 16 tugu 2

(1BB.2A), =1 1011 1011 . 0010 1010
1 B B 2 A



Complements of Numbers

Diminished Radix Complement

Given a number N in base r having n digits, the (r — 1)’s complement of N, i.e., its
diminished radix complement,is defined as (" — 1) — N. For decimal numbers, r = 10
andr — 1 = 9,so the 9’s complement of Nis (10" — 1) — N.

The 9’s complement of 546700 1s 999999 — 546700 = 453299,

For binary numbers, r =2 and r —1=1, so the 1’s complement of Nis (2" —1) — N.

The 1's complement of 1011000 1s O100111.

Wasu 0 Wu 1
wWasu 1 wWu O

The 1's complement of 0101101 1s 1010010.



Radix Complement

The r’'s complement of an n-digit number N in base r 1s defined as ¥ — N for N # 0 and
as Otor N = 0. Comparing with the (r — 1)’s complement, we note that the r's complement
is obtained by adding 1 to the (r — 1)’s complement, since r" — N = [(r" —1) — N] + 1.

the 10’s complement of 012398 1s 987602
the 10’s complement of 246700 1s 753300

the 2’s complement of 1101100 1s 0010100
the 2’s complement of 0110111 1s 1001001



Subtraction with Complements

The subtraction of two n-digit unsigned numbers M — N in base r can be done as
follows:

1. Add the minuend M to the r’'s complement of the subtrahend N. Mathematically,
M+ (" —N)y=M-—N +r".

2. If M = N, the sum will produce an end carry r”, which can be discarded; what is
left 1s the result M — N.

3. If M < N, the sum does not produce an end carry and 1s equal to " — (N — M),
which is the r’'s complement of (N — M). To obtain the answer in a familiar form,
take the r’'s complement ot the sum and place a negative sign in front.



EXAMPLE 1.5

Using 10’s complement, subtract 72532 — 3250.

M = 72532

10’s complement of N = + 96750
Sum = 169282

Discard end carry 10° = — 100000
69282

Note that M has tive digits and N has only four digits. Both numbers must have the same
number of digits, so we write N as 03250. Taking the 10°s complement of N produces a
9 in the most significant position. The occurrence of the end carry signifies that M = N
and that the result 1s therefore positive.

Answer



EXAMPLE 1.6

Using 10’s complement, subtract 3250 — 72532.

M = 03250
10’s complement of N = + 27468
Sum = 30718

There is no end carry. Therefore, the answer is —(10’s complement of 30718) = —69282.

Note that since 3250 < 72532, the result is negative. Because we are dealing with
unsigned numbers, there 1s really no way to get an unsigned result for this case. When
subtracting with complements, we recognize the negative answer from the absence
of the end carry and the complemented result. When working with paper and pencil,
we can change the answer to a signed negative number in order to put it in a famil-
1ar form.

Subtraction with complements is done with binary numbers in a similar manner, using
the procedure outlined previously.



EXAMPLE 1.7 o .

Given the two binary numbers X = 1010100 and Y = 1000011, perform the subtraction
(a) X — Y and (b) Y — X by using 2’s complements.
(a) X = 1010100
2’scomplementof Y = + 0111101
Sum = 10010001
Discard end carry 2’ = — 10000000

Answer: X — Y = 0010001

(b) Y = 1000011
2’s complement of X = + 0101100

Sum = 1101111

There is no end carry. Therefore, the answeris Y — X = —(2’s complement of 1101111) =

—0010001.
O



Table 1.3 N
Signed Binary Numbers % UnAldou 2'com du a nAo signed 2'complement (IUD unsigned 2'complement)

/4
Signed-2’s Signed-1's Signed
Decimal Complement Complement Magnitude
+7 0111 uonAuldnuA 0111 0111 Ud&e i
- q - - & . q - 0o IlUUDVVYSUDNEIN DV
+6 0110 ;ggggsuutgfm:gsu 0110 0110 yaviavaudu 2's
+5 0101 0101 0101 complement riau
+4 0100 0100 0100
+3 0011 0011 0011
+2 0010 0010 0010
+1 0001 0001 goze 0001
+0 0000 (0000 8+0Au-0 0000
—0 — L1111 1000 —
_q 1111 T110° 1001 tuniwv C (limits.h)
| e INT_MIN -2,147,483,648
. 1110 101 1010
—4 1100 1011 1100
-5 1011 1010 1101
—6 1010 1001 1110
—7 1001 1000 1111

—8 1000 — _




fus:uu 2's complement udAAUTAQASY a Lag TL3R:1JulavudINKSDau

+ 6
+13

+19

+ 6
—13

00000110
00001101

— 7/

00010011

auAwuy binary number 1diag
0001 0011 =19

00000110
11110011

111° 100A

A__CJ

11111010
00001101
00000111

auawuy binary number 18iag
00000111=7

A 4 4 A4 ] O,-i O
- — — i —

A 4 4 A4 00,4 -4
. - - . - -

117 0110#‘

MSB = 1 uansirnauaniailuay drdesnisidniaiauwinle T 2’complement i
2’complement 791111 1001 Aa 0000 0110 + 1 = 0000 0111 vsa 7 ssiunauanpa -7
2’complement #991110 1101 72 0001 0010 + 1 = 0001 0011 vsa 19 ssiunauanpaa -19

fananiiu N da azgniouisll megldaniu ldfasaula n ansaziilu 8, 16, 32, 64 auruauauinaes CPU

il CPU wuu 32 vi3e 64 0



tGovVdS
udALiUU wdav subtrahend tHwu

—————

2'complement nou

(TA)— (+B) = (+A) + ! (—B)
(+A) — B) = (+A) + (+B).

—————



Binary-Coded Decimal Code

Ll

wWu 365 Wouuwuu BCD 1advd

Table 1.4 OO0T1 O110 0101

Binary-Coded Decimal (BCD)

. 3 6 5
Decimal BCD
Symbol Digit WapvSuouda 365,, = 10110 1101 WidaAuA 9
U uci BCD t§ilon 12 Ua ucivoldsuov binary
0 0000 ~ « _
number AouaavwWwaldutavgiuauann
1 0001
2 0010
3 0011 { a > 8 abcdef 9 bcfg 8 abcdefg @ deg
4 0100 5 o . — . o
5 0101 -
- [ be acdfg abcdfg becdeg
6 0110 e X 3 8 8 9
7 0111 o o a abdeg acdefg babcefg adefg
8 1000 8 8 B %
9 1001 E D g : :
B abedg 8 abcf 9 cdefg 8 aefg




BCD 1 1
0001 1000 0100 184
+0101 0111 0110  +3576
Binary sum 0111 10000 1010
Add 6 0110 0110

BCD sum 0111 0110 0000 760
7 6 0

aIwaudNtuKkaniauInNIKSEDLINAU 1010 tRUdA 0110 tWULDhTUtukanuu




Decimal Arithmetic

(+375) + (—240) = +135

{6 10's complement wUnulavau (ADUWILODS
_I_ 9 760 dounmuuudunnds signed bit) Leading 9

uandtauuuidAtduau

0 13 5 ATU AU KIS Lau BCD mMevlv? Kuvdalulduon

U 4 digits (UnQldgudanuiUiag)
BCD 1 digit t3Llion 4 OO



Other Decimal Code

Table 1.5
Four Different Binary Codes for the Decimal Digits

Decimal BCD
Digit 8421 421 Excess-3 8 4, -2, -1

0 0000 000 0011 0000

1 0001 0001 0100 0111

2 0010 0010 0110

3 0011 0011 0101

4 0100 0100 0100

5 0101 1011 1011

6 0110 1100 1010

7 0111 1101 1001

8 1000 1110 1000

9 1001 1111 1111
1010 0101
Unused 1011 0110
bit 1100 0111
combi- 1101 1000
nations 1110 1001

1111 1010




Gray Code

Table 1.6

Gray Code
Gray Decimal 1001 1000 0000 0001
Code Equivalent P,

1011 0011

0000 0
0001 I 1010 0010
0011 g —
0010 < 1110 0110
0110 4
0111 5
0101 6 Y7/ 1111 0111
0100 7
00 . 1101 100 1o 0101
1101 9 Gray code used for shaft-angle encoding
L1 10 Using a Gray code sequence to define the
:(l]if; i; conducting and non-conducting areas ensures
1011 13 that no intermediate values are generated as
1001 121 the shaft rotates.

1000 15




Mirroring Technique

- — — O — — O d— — J 0 — —
T a0 — r— — — OO0 — — —

OO O — — —|m— — — — —_O O

- — — O 0 — —

OO0 — — — — O 4

O o— — O
—_ 0 — —

O o— — O

0O — — O

F 1

- 0 — —

_H_..|7..|_H_

otart = Mirror = Frefix - Mirror == Prefix == Mirror == Prefix

4-bit

3-bit

2-bit

1-bit



ASCIl Character Code

Table 1.7
American Standard Code for Information Interchange (ASCII)
b;bsbs
b,b;b,b, 000 001 010 011 100 01 110 111

0000 NUL DLE SP 0 @ P P

0001 SOH DC1 ! 1 A Q a q

0010 STX DC2 2 B R b r

0011 ETX DC3 I 3 C S C S

0100 EOT DC4 $ 4 D T d t

0101 ENQ NAK % 5 E U e u

0110 ACK SYN & 6 F Vv f v

0111 BEL ETB : 7 G \Y Ju W

1000 BS CAN ( 3 H X h X

1001 HT  EM ) 9 I Y i y

1010 LF SUB * : J Z ] Z

1011 VT  ESC + ; K [ k (

1100 FF FS . < L \ | |

1101 CR GS - = M ] m |

1110 SO RS . > N A n ~ )
111 SI US / ? 0 — o DEL 1 char = 7 bits




Control Characters

NUL Null DLE Data-link escape

SOH Start of heading DCl1 Device control 1

STX Start of text DC2 Device control 2

ETX End of text DC3 Device control 3

EOT End of transmission DC4 Device control 4

ENQ Enquiry NAK Negative acknowledge )

ACK Acknowledge SYN Synchronous idle

BEL Bell ETB End-of-transmission block

BS Backspace CAN Cancel

HT Horizontal tab EM End of medium

LF * Line feed SUB Substitute

VT Vertical tab ESC Escape JuussAatKL

FF Form feed FS File separator Windows %3 CR + LF
CR * Carriage return GS Group separator Linux 10 LF
SO Shift out RS Record separator

SI Shift in US Unit separator

SP Space DEL Delete

https://www.youtube.com/shorts/wAe_m55LCME



Unicode

HUL

S0H

a

STX

I

ETX

=0T

ENG

L

BYN

&

EEL

ETE

G

W

=]

W

http://unicode-table.com
https://symbl.cc/th/unicode-table/

LF

s

EBC

M

CR

{FE:]

M

m

=0

25:]

us

O @ ~a 0x0040
A 72 0x0041
_ B Aa 0x0042

1 char = 2 - 3 bytes



Unicode

Code point yov “n” Ao OE 01 a3 UTF-8 “A” :la EO B8 81

i i i ¥l ¥l # 1 q + i 1 iH Al i] i

n W ™M a @« @a m o # woouv v owo oo w il

o il

n ¥ ® T 9 @& A7 1 & w o a w a0 a @ A

,,_
—
R
JR—
—

—l

—

i)

DJAsultipunnMuLgeutulan



S:HI1V
first - last Code point < UTF-8 conversion

First code point Last code point Byte 1

U+0000 U+007F | @xox¢xxxx

U+07FF | 110xxxxx | 10XXXXXX

U+0080

U+0800 4 U+FFFF | 1110xxxX | 10XXXXXX | 1OXXXXXX

U+010000 / U+10FFFF | 11110x00¢ | 1000xxxX | 1OXXXXXX | 1OXXXXXX

I

Code point yov “n” Ao OE 01 a8 UTF-8 "n” d:1a EO B8 81

11100000 10111000 10000001
EO B8 81



Error Detecting Code

2:UIS8utudBIdU
LU Oper Sys, Data Comm



Binary Logic

Table 1.8
Truth Tables of Logical Operations

AND OR NOT
Y v |[XxX-y X V| X+V X [ X

—_ = = | +

_— e T
—_— e o
_— T = |

—_ O = O |
—_—o o O




A
3
Signal
HlGH + range for
logic 1
2 T
Transition occurs
between these limits
| |
Signal
LOW r range for
logic 0

FIGURE 1.3
Signal levels for binary logic values



Y — y

(a) Two-input AND gate (b) Two-input OR gate (c) NOT gate or inverter
FIGURE 14
Symbols for digital logic circuits




Timing Diagram

LAUUDUADLOAN
y
AND:x -y
OR:x +y
NOT: x’
FIGURE 1.5

Input—output signals for gates




jg:;\F:ABC gi_\G:A+B+C+D
C — / C
D
(a) Three-input AND gate (b) Four-input OR gate
FIGURE 1.6

Gates with multiple inputs



C: s ar
m*smummuagm aadMmtuy IEEE 754

-=l' o = : = 1 o "o @ = = i e 1 [l e ar
HB9NUINAFT (real number) Hllunulihnawazanvasinatiaunlisau wu éwe () Wuau
ar s =5 N 1 @ -:1' = o o o = = [ o -:1'-:1 o ar 1
aanuiutuldlilaaduarnesunimasazarursonudinuaislalanlalunmirsanudimiane ue
= =1 a o . . . . Y g o =1 [ ] a =
ADNWILA DI NIDNUIUIUINABAN (floating-point) L@ udugaasamumsiszinumuIuasa
loald “unufigs) (mantissa)” waz “l@nBlwtLy (exponent)” NAHPUIUTANING 1TU 1.2345 unulaens
_ - = = _ =4 _ =4 =1 o
12345 x 107 unuiia?fa 12345 uastandlwiuuas -4 IEEE 754 @auasgiulumsinuiiuiuge
88867 (floating point) WUV single precision 1FN2UIA 32 UM (LWUU double precision 1&H 64 Un) 32 U

Qr

284 IEEE 754 wiaily 3 diueail
® MSB 2116 1 Ua3anNUNLAIa9vang (sign bit)

® Unsigned 8 U00@aNAaLanTlwiuy (exponent)

o 1 & ! :
o ndlwuuily unsigned int waziiluulniaue

¢ 23 iingaManaunufian) (mantissa)



=1 =9 @ o ar ..l_";
msudaathuassudulihasil

¢ FINNUIUUVUINNFTITUIINUY laeiunuiiar [dane 1. wu anudiiunuianda

01101 lé 1.01101

127)

¢ ihdwunuuIaaianlaldamnu 27 20 dansuergiudeamsaudadaanisiaau

(shift) Uanaviunae lUneta 1 van mswsaasnamsiaauiionainalimazn 1 van

e -:1' 1 -=l' = =1 1
e iaespsvmnadu o lldesasvnng + nsoidu 1 Tvld -
aEN@'ﬁ:]E]Ei’N single precision 32 Ua ¢ia Uil

0 01111100 01000000000000000000000

=i L}

sign bit = 0, exponent =124, mantissa = 1.01 AIUUIULTAITINY +1.01 x 21747127

YaaLtaau 1.01

Tunwzn 3 dmazle 0.00101 = 27° + 27° = 0.15625 lugudu



mswlastargrudunduluily IEEE 754 (single precision) a3vzennnindniias duusnlidousua
wuuanasezewazgudulildnen wu (85 + 85/128) Beauuuunnieazld 1010101.1010101 2udl
gasvalvdhuiBushuudandy 1 2¢1¢ 1.0101011010101 dhuiidunaiion “0101011010101” fa
wnuiiam mbiasu 23 demanaudinlumemanesy sufinumnaendlnuuainaums
1.0101011010101 x 2% **” = 1010101.1010101

wldandlmuusiy 133 wie 10000101 (ldiasu 8 Tafduaudinlume MSB) sugahednde
Foyanwailviondas Aazldauaumunnsgiu IEEE754 (single precision) 32 T@fi#l sign bit, exponent
LLBE mantissa ﬁx‘iﬁ

0 10000101 01010110101010000000000
Undtnazdsuiuwagiudunn wnzdswdusagedassuen nhnsulasias 4 da

0100 0010 1010 1011 0101 0100 0000 0000

4 2 A B 5 4 0 0
IEEE 754 WUV double precision 197 64 fiaf ldmanmsteiznny tiaeudanglwmuuas uuiigs ey

IEEE 754 1Tusnasguaaiainils float uaz double Tuviara  mwnlusunsy



OManNa N IMIvNALAEINU IEEE 754 Maaniiu atandlwiuuuasunuianiaeda

Exponent Mantissa ANUVUE
0 0 Aerue
981 (11111111) 0 Infinity
2°-1 (11111111) non zero NaN (not a number)
0 non Zero Denormalized number
1 to 2°-2 any Normalized number
Infinity ﬁaﬁmmﬁﬁﬂmauﬁ'ﬁmﬂau +oo luadiaemans
NaN @0 not a number (B SNNUAMSMBaLE Wudy
Denormalized number aanaauliaedl 1. iinusuian Tauaandiianraitiousn (MSB)

2DIUNUNFTBE 13U OIUNUNFBIFD 01101000101000000000000 1%

127 sign bit

181 0.1101000101 Qauny 27" 7 gaufy (-1)

Normalized number A9 NaUMANHN 1. WVINTOUNUNEE wlaunasure I lugauusn



Value:

Encoded as:

Binary:

Value:

Encoded as:

Binary:

IEEE 754 Converter (JavaScript), V0.22

Sign Exponent Mantissa
+1 593 1.1102230548858643
0 180 924618

[] vEEENNERNERE HERERERRE-NERERERERR-RERR-E-N-EEREN - RER - R
You entered 10000000000000000 1016

+1
Value actually stored in float: | 10000000272564224| RutS float/double 1AUIIUDULSU
Error due to conversion: 272564224 -
Binary Representation 01011010000011100001101111001010

Hexadecimal Representation | Ox5alelbca

IEEE 754 Converter (JavaScript), V0.22

Sig n Expu nent Mantissa
+1 5-34 1.7179869413375854
0 93 6022911

L] HE/RERNNRER/ vEERRvEEREvEEvEvEEREREvRER-R/EvEvE/E/HvR |
You entered 1E-10

+1
Value actually stored in float: | 1.00000001335143196001808973960578441619873046875E-10
Error due to conversion: 1.335143196001808973960573442E-18 -
Binary Representation 00101110110 11011111 0011011111111

Hexadecimal Representation | 0x2edbebff

IEEE 754 1AUSUOUNDAILA a 13 Taggaulinaiatndauld https://www.h-schmidt.net/FloatConverter/IEEE754.html



PROBLEMS

(Answers to problems marked with * appear at the end of the text.)

1.1

1.2+

1.3

1.4

1.5+

1.6%

List the octal and hexadecimal numbers from 16 to 32. Using A and B for the last two
digits, list the numbers from 8 to 28 1n base 12.

What is the exact number of bytes in a system that contains (a) 32K bytes, (b) 64M bytes,
and (c) 6.4G bytes?

Convert the following numbers with the indicated bases to decimal:
(a)* (4310)s (b)* (198);
(c) (435)s (d) (345)s

What is the largest binary number that can be expressed with 16 bits? What are the equiv-
alent decimal and hexadecimal numbers?

Determine the base of the numbers in each case for the following operations to be correct:
(a) 14/2=35 (b) 54/4=13 (c) 24+ 17 =40.

The solutions to the quadratic equation x> — 11x + 22 = 0 are x = 3 and x = 6. What is the
base of the numbers?



w,fn'ﬂuﬁ'm*mﬁiﬂlﬂﬁﬂmmﬂﬁgm IEEE754 (single precision) Wauaauiuazguduvn
n. 0
2. T77 + (T77/1024)
M. 3.14
1. +infinity
A. NaN
227 +27°+2 427427+ 277
¥. —infinity

%, —78 - (78/128)
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